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1. Introduction
A commutative graded differential algebra (cgda) over the rational numbers is a graded Q-algebra (A,d) such that ab =
(−1)pqba and d(ab) = da.b + (−1)pb.da for all a ∈ Ap , b ∈ Aq . If V is a graded Q-vectorial, then ΛV denotes the free
commutative graded algebra deﬁned by the tensor product
ΛV = Exterior algebra(V odd)⊗ Symmetric algebra(V even)
and Λ+V denotes the ideal generated by V . A Sullivan model is a cgda (ΛV ,d) with the property that for some well
ordered homogeneous basis (vα)α∈I of V we have dvα ∈ ΛV<α (where ΛV<α is the subalgebra generated by vβ,β < α).
The model is called minimal if α < β ⇒ |vα |  |vβ |, where |v| denotes the degree of v . When ΛV is 1-connected this
nilpotence condition is equivalent to that dV ⊂ Λ2V := Λ+V .Λ+V . This means that the differential on ΛV is with no
linear term.
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the minimal model of X . This contravariant correspondence yields an equivalence between the homotopy category of 1-
connected rational spaces of ﬁnite type and that of 1-connected rational cgda of ﬁnite type. More precisely H∗(ΛV ,d) ∼=
H∗(X,Q) as graded algebras, and V ∼= π∗(X) ⊗ Q as graded vector spaces. A space X and its model (ΛV ,d) are called
elliptic, when V and H∗(ΛV ,d) are both ﬁnite-dimensional. Topologically, this means that both of π∗(X)⊗Q and H∗(X,Q)
are ﬁnite-dimensional. Homogeneous spaces are elliptic. In this paper we are interersted to the following result:
Conjecture H (Topological version). If X is a 1-connected and elliptic space then, dim H∗(X,Q) dim(π∗(X) ⊗Q).
In term of Sullivan’s model, the conjecture (H) can be written as follows
Conjecture H (Algebraic version). If ΛV is a 1-connected and elliptic Sullivan minimal model, then dim H∗(ΛV ,d) dim V .
The conjecture (H) was formulated in 1990 by the ﬁrst author (cf.[8]) and proved by him for pure spaces, that is spaces
for which the associated minimal model (ΛV ,d) veriﬁes the propreties
dV even = 0 and dV odd ⊂ ΛV even. (1)
Homogeneous spaces are pure.
In Section 2 we shall recall some technical deﬁnitions and classical results of rational homotopy theory that we will use
in our proofs. In Section 3 we will present some suﬃcient conditions for that the conjecture (H) holds. In Section 4 we will
see some examples of manifolds for which the inequality dim H∗(ΛV ,d) dim V is strict.
2. Deﬁnitions and theorems used
2.1. Euler–Poincaré characteristic
For any 1-connected elliptic space X , with (ΛV ,d) as a model, we deﬁne two invariants. One cohomological,
χc(X) :=
∑
k0
(−1)k dim Hk(X,Q)
and another homotopic,
χπ(X) :=
∑
k0
(−1)k dimπk(X) ⊗Q,
where no confusion will arise, we shall denote them simply by χc and χπ . S. Halperin in [6] was interested to the signs of
these invariants, and establish the following result:
Theorem 2.1. If X is a 1-connected and elliptic space, then
χc  0 and χπ  0.
Morever, the following conditions are equivalent:
• χc > 0;
• χπ = 0;
• Hodd(X,Q) = 0.
As the conjecture (H) was resolved in the pure case, we will assume in all of this paper (unless otherwise speciﬁed), that
the space and its model are not pure. Then dim H∗(X,Q) = 2dim Heven(X,Q) = 2dim Hodd(X,Q) and dim V even < dim V odd,
which allows us to choose an homogeneous basis {x1, . . . , xn} for V even and another basis {y1, . . . , yn+p} for V odd with
p = −χπ > 0, thus dim V = 2n + p. From now on, we will adopt this as standard denotations.
2.2. Formal dimension
For an elliptic space X , the largest integer k such that Hk(X,Q) = 0 is called formal dimension of X and will be denoted
fd(X). Note that elliptic spaces verify Poincaré duality, and that dim Hfd(X)(X,Q) = 1. In a join work [4], J. Friedlander and
S. Halperin gave a lower bound of the formal dimension for an elliptic space and some arithmetic relations between it and
the degrees of some particular generators of the model.
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fd(X) dim V .
Theorem 2.3. For any 1-connected and elliptic minimal Sullivan model (ΛV ,d) associated to a space X, there exists an homogeneous
basis {x1, . . . , xn} of V even and another {y1, . . . , yn+p} of V odd such that:
• |x1| · · · |xn|;
• |yi| 2|xi | − 1 for all i = 1, . . . ,n;
• ∑ni=1 |xi | fd(X);
• ∑n+pi=1 |yi| 2 fd(X) − 1;
• ∑n+pi=1 |yi| −∑ni=1(|xi | − 1) = fd(X).
2.3. Toral rank
If X is a space on which the n-dimensional torus, Tn = (S1)n acts, we say that the action is almost-free if each isotropy
subgroup is a ﬁnite group. The largest integer n 1 for which X admits an almost-free n-torus action is called the toral rank
of X , and is denoted rk(X). If X does not admit an almost-free circle action, then rk(X) = 0. However, since we are really
only considering the rational homotopy type of X , we are led to the following variation of the toral rank: the rational toral
rank rk0(X) of X is deﬁned by rk0(X) = max{rk(Y ) where Y 	Q X}.
C. Allday and S. Halperin in [1] gave an upper bound of the toral rank:
Theorem 2.4. If X is a 1-connected and ﬁnite CW-complex then
rk0(X)−χπ .
Morever, if rk0(X) = −χπ , then the space is pure.
There are technical conditions on the topology of the space X in the original formulation of Theorem 2.4, but as these
are satisﬁed by ﬁnite CW-complexes, we will not mention them explicitly here. J. Friedlander and S. Halperin in [4] studied
the reciprocal statement and proved that:
Theorem 2.5. If X is a 1-connected and pure space, then χπ = − rk0(X).
S. Halperin conjectured in [7] another bound of the toral rank; that if X is simply connected, then dim H∗(X,Q) 2rk0(X)
(Toral Rank Conjecture). In his thesis [8], the ﬁrst author gave an aﬃrmative response to the Halperin’s conjecture under these
additional conditions:
Theorem 2.6. If X is a 1-connected space, then dim H∗(X,Q) 2rk0(X) in these situations:
• X is a ﬁnite and hyperelliptic CW complex;
• X is elliptic with fd(X) − rk0(X) 6.
3. Theorems and proofs
3.1. H-spaces
By [5, Example 3, p. 143], H-spaces have minimal models of the form (ΛV ,0), so ΛV ∼= H∗(ΛV ,d), and then
dim H∗(ΛV ,d) dim V . Topological groups are particular examples of H-spaces.
3.2. Hyperelliptic spaces
An elliptic space X and its minimal model (ΛV ,d) are called hyperelliptic when
dV even = 0 and dV odd ⊂ ΛV even ⊗ ΛV odd. (2)
In other words, with the denotations adopted in Section 2, we have
dxi = 0 and dy j = P j + ω j where P j ∈ ΛV even and ω j ∈ ΛV even ⊗ Λ+V odd. (3)
Making a comparison between the deﬁnitions (1)–(3), we remark that the terms ω j represent the obstruction for an hyper-
elliptic space to be pure, then at least one of ω j is nonnull. That was our key idea to state the following:
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√−12χπ − 15 ), then
dim H∗(ΛV ,d) dim V .
Proof. Let denote by W1 and W2 the respective spans of ([xi])1in and ([xix j])1i jn in Heven(ΛV ,d). Put W0 =
H0(ΛV ,d) ∼=Q. Minimality of the model assures that W0 ⊕W1 ⊕W2 is a direct sum in Heven(ΛV ,d), and that ([xi])1in
are linearly independent. Thus
dim Heven(ΛV ,d) 1+ n + dimW2.
On the other hand
W2 ⊕
(
Λ2V even ∩ dV odd)= Λ2V even where dimΛ2V even = n(n + 1)
2
,
and {dy1, . . . ,dyn+p} is a spanning set of dV odd. But dy j /∈ Λ2V even when ω j = 0, then
dim
(
Λ2V even ∩ dV odd) n + p − 1,
dimW2 
n(n + 1)
2
− n − p + 1,
dim Heven(ΛV ,d) n(n + 1)
2
− p + 2.
As dim H∗(ΛV ,d) = 2dim Heven(ΛV ,d) and dim V = 2n + p, then
dim H∗(ΛV ,d) − dim V  n2 − n− 3p + 4.
The study of the sign of the binomial P (n, p) = n2 − n − 3p + 4, shows that the conjecture (H) is true when{
p  2 and n 12 (1+
√
12p − 15 ),
p ∈ {0,1} and n ∈N. 
Remark 3.2. The last line of the proof of Theorem 3.1 shows that dim H∗(ΛV ,d)  dim V if (p ∈ {0,1} and n ∈ N) or if
(p = 2 and n 2). For the remaining case (p = 2 and n ∈ {0,1}), we have dim H∗(ΛV ,d) 2(1+dimW1) = 2+2n = dim V .
Then, we conclude that
dim H∗(ΛV ,d) dim V if p ∈ {0,1,2}. (4)
This leads us to state that:
Theorem 3.3. If X is a 1-connected and elliptic space such that fd(X) 10, then dim H∗(X,Q) dim(π∗(X) ⊗Q).
Proof. Let (ΛV ,d) be a minimal model of X , and let us choose a basis {x1, . . . , xn} for V even and a basis {y1, . . . , yn+p} for
V impair satisfying the conditions of Theorem 2.3. In the following tables, we summarize the possible values of the degrees
of {x1, . . . , xn} and those of {y1, . . . , yn+p}. 0 means there exists no element in the related situation.
In Table 1, we easily check case by case that all spaces are hyperelliptic with p ∈ {0,1,2}, then satisfy the conjecture (H)
by (4).
In Table 1, we easily check case by case that all spaces are pure, then verify the conjecture (H). 
Table 1
fd(X) = 10
fd(X) (|x1|, . . . , |xn|) (|y1|, . . . , |yn+p |)
10 0 (5,5)
0 (3,7)
(2) (3,3,5)
(2,2) (3,3,3,3)
(2,2,2) (3,5,5)
(2,2,2) (3,3,7)
(2,2,2,2) (3,3,3,5)
(2,2,2,2,2) (3,3,3,3,3)
(2,4) (7,7)
(2,6) (5,11)
(2,4,4) (3,7,7)
(4) (7,3,3)
(4,6) (7,11)
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0 fd(X) 9
fd(X) (|x1|, . . . , |xn|) (|y1|, . . . , |yn+p |)
2 (2) (3)
3 0 (3)
4 (2) (5)
(2,2) (3,3)
(4) (7)
5 0 (5)
(2) (3,3)
6 0 (3,3)
(2) (7)
(2,2) (3,5)
(2,4) (3,7)
(2,2,2) (3,3,3)
7 0 (7)
(2) (3,5)
(4) (7.3)
(2,2) (3,3,3)
8 0 (3,5)
(2) (3,3,3)
(2,2,2) (3,3,5)
(2,4) (5,7)
(2,2,2,2) (3,3,3,3)
(4,4) (7,7)
(6) (13)
9 0 (9)
(2) (3,7)
(2) (5,5)
(2,2) (3,3,5)
(2,2,2) (3,3,3,3)
(2,4) (3,7,3)
(4) (7,5)
(6) (11,3)
3.3. Short and long sequences
Let us begin with this introductory example: If (ΛV ⊗ Λy,d) is a model with |y| is odd, then consider the following
short exact sequence of differential graded vector spaces
0→ (ΛV ,d) φ−→ (ΛV ⊗ Λy,d) ψ−→ (ΛV ,d) → 0,
where φ(a) = a ⊗ 1 and ψ(a ⊗ y + b ⊗ 1) = a. It induces in cohomology the long exact sequence
· · · → H∗(ΛV ,d) H∗(φ)−−−−→ H∗(ΛV ⊗ Λy,d) H∗(ψ)−−−−→ H∗(ΛV ,d) δ−→ H∗(ΛV ,d) → ·· · ,
where δ(β) = β[dy]. We condense it into in the short exact sequence:
0→ coker δ → H∗(ΛV ⊗ Λy,d) → ker δ → 0.
Theorem 3.4. If (ΛV ,d) is a 1-connected and elliptic model with odd degree generators only, y1, . . . , yp , then set
δi : H∗
(
Λ{y1, . . . , yi−1},d
)→ H∗(Λ{y1, . . . , yi−1},d),
β → β[dyi].
If dim(ker δi) > dim(Im δi) for all i ∈ {2, . . . , p}, then dim H∗(ΛV ,d) dim V .
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dim H∗(ΛV ,d) dim V for some p  1. We adjust our denotations and write ΛW = Λ{y1, . . . , yp+1} = ΛV ⊗ Λyp+1.
Then
dim H∗(ΛW ,d) = dimker δp+1 + dimcoker δp+1
= dimker δp+1 + dim H∗(ΛW ,d) − dim Im δp+1
= 2dimker δp+1
> dimker δp+1 + dim Im δp+1
= dim H∗(ΛV ,d)
 dim V = p.
Thus dim H∗(ΛW ,d) p + 1= dimW . 
Corollary 3.5. If (ΛV ,d) is a 1-connected and elliptic model with odd degree generators only, y1, . . . , yp satisfying the following
propreties:
• [dyi]2 = 0 for all i ∈ {3, . . . ,n}.
• For all i ∈ {3, . . . ,n}, there exists γ1,i, γ2,i ∈ H∗(Λ{y1, . . . , yi},d) such that [dyi] = γ1,iγ2,i and that γ 21,i = 0.
Then dim H∗(ΛV ,d) dim V .
Proof. First, remark that Im δi ⊂ ker δi since δ2i = 0.
(1) If [dyi] = 0, then dim(Im δi) = 0 < dim(ker δi).
(2) If [dyi] = 0, assume that Im(δi) = ker(δi). As δi(γ1,i) = [dyi]γ1,i = γ2,iγ 21i = 0, then γ1i ∈ Im δi . This is a contradiction
between the facts that |γ1,i | < |[dyi]| and that for any nonnull element γ of Im δi we must have |γ |  |[dyi]|. Hence
dim(ker δi) > dim(Im δi) for any i ∈ {2, . . . , p}. 
3.4. Toral rank
We will present here some conditions on the toral rank for that the conjecture (H) will be veriﬁed by elliptic or hyper-
elliptic models.
Theorem 3.6. If X is a hyperelliptic space such that rk0(X) = −χπ − i with i ∈ {0,1,2}, then dim H∗(X,Q) dim(π∗(X) ⊗Q).
First, if rk0(X) = −χπ , then X is pure by Theorem 2.4. We will consider just the cases rk0(X) = p−1 and rk0(X) = p−2,
where p = −χπ . The proof will be very long, thus we prefer to subdivide it in two parts.
Theorem 3.7. If X is a hyperelliptic space such that rk0(X) = −χπ − 1, then dim H∗(X,Q) dim(π∗(X) ⊗Q).
Proof. Let (ΛV ,d) be a minimal model of X . We know from Theorem 2.6, that dim H∗(ΛV ,d) 2p−1, then dim H∗(ΛV ,d)
dim V if 2p−1  2n+ p, i.e., n 12 (2p−1 − p). Combining this with Theorem 3.1, we conclude that dim H∗(ΛV ,d) dim V if
n 1
2
(
2p−1 − p) or n 1
2
(1+√12p − 15 ). (5)
Then the inequality 12 (2
p−1− p) 12 (1+
√
12p − 15), which is equivalent to that Ap := 2p(2p−2− p−1)+ p2−10p+16 0,
is suﬃcient to have dim H∗(ΛV ,d) dim V .
For p  8, we remark that Ap  0 because p2 − 10p+ 16 0 and 2p−2 − p− 1 > 0. For p ∈ {5,6,7}, we easily check that
Ap  0. The case p ∈ {0,1,2} was already studied in (4).
Case 1. p = 3, we deduce from (5) that dim H∗(ΛV ,d) dim V if n = 0 or n 3.
(1) If n = 1, without loss of generality we can take
dx1 = 0,
dy1 = xq1 + ω1,dy2 = axr1 + ω2,dy3 = bxs1 + ω3 with 2 q r  s,
dy4 = P4(x1) + ω4.
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dim H∗(ΛV ,d) = 2dim Hodd(ΛV ,d) 8 > dim V = 5.
(1.2) If (a,b) = (0,0) (a = 0 for example), then the following elements [axr−q y1 − y2], [bxs−q y1 − y3] and [axr−q+1 y1 −
xy2] are linearely independent in Hodd(ΛV ,d). Thus dim H∗(ΛV ,d) = 2dim Hodd(ΛV ,d) 6 > dim V = 5.
(2) If n = 2. Let us recall the denotations W0,W1 and W2 used in the proof of Theorem 3.1, and that W0 ⊕ W1 ⊕ W2 is a
direct sum in Heven(ΛV ,d) with dimW0 = 1 and dimW1 = n.
(2.1) If dimW2  1, then dim H∗(ΛV ,d) = 2dim Heven(ΛV ,d) 8 > dim V = 7.
(2.2) If W2 = {0}, then
dx1 = dx2 = 0,
dy1 = x21,
dy2 = x1x2, dy3 = x22,
dyi = Pi(x1, x2) + ωi for i ∈ {4,5},
with ω4 = 0 for example, write
ω4 = P (x1, x2)y1 y2 + Q (x1, x2)y1 y3 + R(x1, x2)y2 y3.
Then
dω4 = −
(
x22Q + x1x2P
)
y1 +
(
x21P − x22R
)
y2 +
(
x21Q + x1x2R
)
y3
but dω4 = d2 y4 − dP4(x1, x2) = 0. That leads us to the system⎧⎪⎨
⎪⎩
x22Q + x1x2P = 0,
x21P − x22R = 0,
x21Q + x1x2R = 0.
As the polynomials x21 and x
2
2 are relatively prime then there exists Z ∈Q[x1, x2] such that P = x22 Z , Q = −x1x2 Z , and
R = x21 Z , so ω4 = d(Z y1 y2 y3). Since [P ] ∈ W2 = {0}, then we can write P = dx and thus y4 − x− Z y1 y2 y3 is a cocycle.
Finally, the following elements ω′1 = [y4 − x− Z y1 y2 y3], x1ω′1, [x2 y1 − x1 y2] and [x1 y3 − x2 y2] are linearly independent
in Hodd(ΛV ,d), then dim H∗(ΛV ,d) = 2dim Hodd(ΛV ,d) 8 > dim V = 7.
Case 2. p = 4, we know from (5) that dim H∗(ΛV ,d) dim V if n 2 or n 4. Suppose that n = 3.
(1) If dimW2  1, then dim H∗(ΛV ,d) = 2dim Heven(ΛV ,d) 10= dim V .
(2) If W2 = {0}, then write
dxi = 0 for i ∈ {1,2,3},
dy1 = x21, dy2 = x22,
dy3 = x23, dy4 = x1x2,
dy5 = x1x3, dy6 = x2x3
dy7 = P7 + ω7.
We easily check that [x2 y1 − x1 y4], [x3 y1 − x1 y5], [x1 y2 − x2 y4], [x3 y2 − x2 y6], [x1 y3 − x3 y5], [x2 y3 − x3 y6] are linearly
independent in Hodd(ΛV ,d). Then dim H∗(ΛV ,d) = 2dim Hodd(ΛV ,d) 12 > dim V = 10. 
Theorem 3.8. If X is a 1-connected and hyperelliptic space such that rk0(X) = p − 2, then dim H∗(X,Q) dim(π∗(X) ⊗Q).
Proof. Let (ΛV ,d) be a model of X . Similar arguments of that used in the beginning of the proof of Theorem 3.6, let us to
conclude that dim H∗(ΛV ,d) dim V if
n 1
2
(
2p−2 − p) or n 1
2
(1+√12p − 15 ) (6)
and that a suﬃcient condition for that Conjecture H be veriﬁed will be, Ap = 2p−1(2p−3 − p − 1) + p2 − 10p + 16  0.
We easily check that Ap  0 for p  6. The case p  4 is already discussed, then assume that p = 5. From (6) we have
dim H∗(ΛV ,d) dim V for n 4 and for n 1. Thus we have to distinguish two cases: n = 2 and n = 3. Consider W3 the
span of {[xi1x j2] | i + j = 3} in Heven(ΛV ,d). Minimality of the model insures that W0 ⊕ W1 ⊕ (W2 + W3) is a direct sum in
Heven(ΛV ,d).
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(1) If dim(W2 + W3) 2, then dim H∗(ΛV ,d) = 2dim Heven(ΛV ,d) 10 > dim V .
(2) If dim(W2 + W3) = 1, we have two possibilities:
(2.1) W3 = 0. Then we can take
dyi = Pi(x1, x2) for i ∈ {1,2},
where Pi are linearly independent in Q[x21, x22, x1x2] and take
dyi = P3(x1, x2) + ωi for i ∈ {3,4} with ω3 = Q 3(x1, x2)y1 y2.
But dω3 = 0, then Q 3 = 0. As W3 = 0, we can choose
dy3 = P3 ∈
{
x31, x
3
2, x
2
1x2, x1x
2
2
}
.
Write now ω4 = Q 4(x1, x2)y1 y2 + R4(x1, x2)y2 y3 + T4(x1, x2)y3 y1. An easy computation shows that 0 = d2 y4 =
(T4P3 − Q 4P2)y1 + (Q 4P1 − R4P3)y2 + (R4P2 − T4P1)y3, then T4P3 = Q4P2,Q4P1 = R4P3,R4P2 = T4P1. The
polynomials P1 and P2 are relatively prime, then there exists Q ∈ Q[x1, x2] such that R4 = Q P1, T4 = Q P2 and
that Q 4 = Q P3. Hence
dy4 = P4(x1, x2) + d(Q y1 y2 y3).
This let us to deduce that [P4] = 0, and to write P4 = d(P ′1 y1 + P ′2 y2 + P ′3 y3). Then y := y4 − P ′1 y1 + P ′2 y2 +
P ′3 y3 − Q y1 y2 y3 is a cocycle. Let [P ] be a generator of W2 and μ a generator of Hfd(X)(ΛV ,d). We easily check
that [y], [x1 y], [x2 y], [P y] and μ are linearly independent in Hodd(ΛV ,d), and conclude that dim H∗(ΛV ,d) =
2dim Hodd(ΛV ,d) 10 > 9 = dim V .
(2.2) W2 = 0. Write
dx1 = dx2 = 0,
dy1 = x21, dy2 = x1x2, dy3 = x22,
dy4 = P4+d(Qy1 y2 y3),
and conclude as above.
Case 2. n = 3.
(1) If dim(W2 + W3) 2, then dim H∗(ΛV ,d) = 2dim Heven(ΛV ,d) 12 > 11 = dim V .
(2) If dim(W2 + W3) = 1, then dimW2 = 1 and W3 = 0. Write
dxi = 0 for i ∈ {1, . . . ,3},
dyi = Pi for i ∈ {1, . . . ,5},
where Pi are linearly independent in Q[x21, x22, x23, x1x2, x1x3, x2x3] and
dy6 = P6 ∈
{
xi1x
j
2x
l
3/i + j + l = 3
}
.
Let [xix j] be a generator of W2.
(2.1) If i = j (i = j = 1 for example), we can take
P1 = a1x21 + x22, P2 = a2x21 + x23,
P3 = a3x21 + x1x2, P4 = a4x21 + x1x3,
P5 = a5x21 + x2x3, P6 = x31.
We easily check that the following elements are cocycles.
α1 = x2 y2 + a2x1 y3 + a5x1 y4 − x3 y5 + (a2a3 − a4a5)y6,
α2 = x3 y3 − a3x1 y4 − x1 y5 − (a3a4 + a5)y6,
α3 = x3 y1 + a5x1 y3 − a1x1 y4 − x2 y5 + (a1a4 − a3a5)y6,
α4 = x2 y1 + (a3x1 − x2)y3 −
(
a1 + a23
)
y6,
α5 = a4x1 y3 − x2 y4 + x1 y5 − (a3a4 + a5)y6,
α6 = x1 y2 + (a4x1 − x3)y4 −
(
a2 + a24
)
y6.
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{x1 y1, x2 y1, x3 y1, x1 y2, x2 y2, x3 y2, x1 y3, x2 y3, x3 y3, x1 y4, x2 y4, x3 y4, x1 y5, x2 y5, x3 y5, y6}
is
M =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 0
a2 0 a5 a3 a4 0
0 0 0 −1 0 0
0 1 0 0 0 0
a5 −a3 −a1 0 0 a4
0 0 0 0 −1 0
0 0 0 0 0 −1
0 −1 0 0 1 0
0 0 −1 0 0 0
−1 0 0 0 0 0
(a2a3 − a4a5) −(a3a4 + a5) (a1a4 − a3a5) −(a1 + a23) −(a3a4 + a5) −(a2 + a24)
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,
M is of rank 6, then [α1], [α2], [α3], [α4], [α5], and [α6] are linearly independent in Hodd(ΛV ,d), and thus
dim H∗(ΛV ,d) = 2dim Hodd(ΛV ,d) 12 > 11 = dim V .
(2.2) If i = j ((i, j) = (1,2) for example). For similar reasons of those seen above, we can take
P1 = a1x1x2 + x21, P2 = a2x1x2 + x22,
P3 = a3x1x2 + x23, P4 = a4x1x2 + x1x3,
P5 = a5x1x2 + x2x3, P6 = x21x2,
and show that the following elements are linearly independent in Hodd(ΛV ,d),
[
x2 y1 − a1x1 y2 + (a1a2 − 1)y6
]
,[
x3 y1 − x1 y4 − a1x1 y5 + (a1a5 + a4)y6
]
,[
x2 y4 − a4x1 y2 − x1 y5 + (a2a4 + a5)y6
]
,[
x3 y4 − x1 y3 − a4x1 y5 + (a4a5 + a3)y6
]
,[
(a5x1 + x3)y2 − (a2x1 + x2)y5 − 2a2a5 y6
]
,[
a3x1 y2 − x2 y3 + (x3 − a5x1)y5 −
(
a2a3 − a25
)
y6
]
. 
Theorem 3.9. If X is a 1-connected and elliptic space X such that fd(X) − rk0(X) 6, then dim H∗(X,Q) dim(π∗(X) ⊗Q).
Proof. Let put fd(X) = N , and choose xi, yi some generators of the model (ΛV ,d) satisfying the conditions of Theorem 2.3.
Then
∑n
i=1 |xi |  N and
∑n+p
i=1 |yi|  2N − 1. As |xi |  2 and |yi|  3, then n  N2 and n + p  2N−13 . Thus dim V = 2n +
p  7N−26 . From Theorem 2.6, we have dim H∗(ΛV ,d) 2rk0(X) . Then dim H∗(ΛV ,d) 2N−6. The inequality 2N−6 
7N−2
6
(which is equivalent to that 3.2N − 224N + 64 0) is now suﬃcient to have dim H∗(ΛV ,d) dim V , and the study of the
function f (N) = 3.2N − 224N + 64 shows that it is increasing on the interval [ 224ln8. ln2 ,+∞[. Hence for N  10 224ln8. ln2 we
have f (N) f (10) = 896. Theorem 3.3 completes the proof for N  10. 
4. Examples of strict inequality
In many proofs that we have meet in this paper, we remark that the inequality dim H∗(ΛV ,d) dim V was in general
strict. We will give some examples of manifolds for which it is the case.
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A symplectic manifold is a smooth manifold X = M2m , equipped with a closed and nondegenerate 2-form, called the
symplectic form. This implies that there is a nonnull cohomolgical class ω in H2(X,Q). Morever symplectic manifolds verify
a particular Poincaré duality: The cup-product, ωk : Hm−k(X,Q) → Hm+k(X,Q) is an isomorphism for any k ∈ {0, . . . ,m}.
Thus each cohomolgical class ωk is nonnull in H2k(X,Q), what means that dim H∗(ΛV ,d) = 2dim Heven(X,Q) 2m + 2 >
2m = fd(X) dim V , where (ΛV ,d) is a model of X . Finally, let us recall that Kahler manifolds are the best known example
of symplectic manifolds.
4.2. Cosymplectic manifolds
A cosymplectic structure on a 2m + 1-dimension manifold X = M2n+1, is the data of a closed 1-form θ and a closed
2-form ω such that θ ∧ ωk is a volume form on X , where ωk denotes the product of k copies of ω. This means that there
exists at least one nonnull cohomological classe in H1(X,Q) and another one in H2(X,Q). Morever, we know from [2],
that Betti numbers are nonzero. Thus dim H∗(ΛV ,d) 2m+2 > 2m+1= fd(X) dim V , where (ΛV ,d) denotes a minimal
model of X , which is not necessary 1-connected because all the known examples of cosymplectic manifolds are non-1-con-
nected. The π1 is that of a torus of dimension  1 or a nilpotent group. However their minimal models satisfy the property
fd(X) dim V .
4.3. Nilmanifolds
Let us recall that a nilmanifold is a quotient X , of a nilpotent Lie group by a discrete cocompact subgroup, and that it has
a minimal model of the form (ΛV ,d) = (Λ{x1, . . . , xn},d) with |xi | = 1 for each i (cf. [9] and [10]). We know from [3] that
a nilmanifold X of dimension n has Betti numbers bi  2 for each i  1, then dim H∗(ΛV ,d) 2 fd(X). We know also from
[4, Proposition 2.6] that space of “type F” checks the inequality fd(X) dim V . Nilmanifolds are of “type F”, since they are
K (π,1)’s where π is a nilpotent group.
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